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REMARKS ON THE TRANSCENDENCE OF CERTAIN
INFINITE PRODUCTS
EIJI MIYANOHARA
Abstract. In this article, we investigate arithmetical properties of the
certain infinite products, which is related to additive representation of
natural numbers, by using the method developed by [AdBL1], [BBC] and
increase hidden infinite copy structure related with the certain infinite
products.
1. Introduction
The following infinite product is well known,
∞∏
y=0
(1 + z2
y
) =
1
1− z .(1.1)
This infinite product means the uniquely existence of 2-representation of
natural numbers. Moreover, the generating function of Thue-Morse sequences
has the following infinite product similar to (1.1),
f(z) =
∞∏
y=0
(1− z2y ) =
∞∑
n=0
a(n)zn.(1.2)
This infinite product is also related to 2-representation of natural numbers
as follows;
a(n) :=
{
1 1 is appeared even times in 2-representation of n
−1 1 is appeared odd times in 2-representation of n.
In transcendental number theory, many authors investigated the transcen-
dence of special values of the infinite product similarly to this infinite prod-
uct. (See [N], [Ta], [AmV1,AmV2] etc.)
On the other hands, a natural number n has the unique following addi-
tive representation of natural numbers as follows: For any integer sequence
(qj)
∞
j=0 with q0 = 1, qj ≥ 2 for j ≥ 1, a natural number n has the unique
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following additive representation (In this article, we call this representation
(qj)
∞
j=0-representation. See also [Ma].) as follows,
n =
∞∑
y=0
sy
y∏
j=0
qj
where sy is an integer with 0 ≤ sy ≤ qy+1 − 1. From the uniquely existence
of (qj)
∞
j=0-representation of natural number, we have
∞∏
y=0
(1 +
qy+1−1∑
s=1
zs
∏y
j=0 qj) =
1
1− z .(1.3)
In this article, we shall investigate the arithmetical properties of the
following infinite product from the symbolic dynamically viewpoint;
f(z) =
∞∏
y=0
(1 +
qy+1−1∑
s=1
as,yz
s
∏y
j=0
qj),(1.4)
where (qj)
∞
j=0 is an integer sequence with q0 = 1, qj ≥ 2 for j ≥ 1 and
as,y ∈ Z (for any y) or as,y ∈ {1, exp 2πi3 , exp4πi3 }.
2. Main results
First, we prepare the setting for the first statement: Let b be an integer
greater than 1. For integers y and s with y ∈ N and 1 ≤ s ≤ qy+1 − 1, let
as,y, bs,y 6= 0 be integers with 1 +
∑qy+1−1
s=1
as,y
bs,y
1
b
s
∏y
j=0
qj
6= 0. For any n ∈ N,
we set the following infinite product
fn(z) :=
∞∏
y=n
(1 +
qy+1−1∑
s=1
as,y
bs,y
z
s
∏y
j=0
qj
∏n
j=0
qj ).(2.1)
Moreover, we denote the Taylor expansion of fn(z) as follows, fn(z) :=∑∞
m=0 an(m)z
m. Assume that; There exists a positive number C, indepen-
dent of n,m such that
|an(m)| ≤ C|a0(m)|.(2.2)
And f0(z) absolutely converges on |z| < 1. Let L > 0 be the following
integer; There exist numbers sn, tn ∈ N with 1 ≤ sn ≤ L, tn + sn ≤ L and
0 6= αn, 0 6= βn ∈ Q such that
αn
βn
an(tn) = an(tn + sn) and
αn
βn
1
b
∏n
j=0 qj
→ 0 as n→∞.(2.3)
This condition can be regarded as a variation of the notion long repetitions
introduced by Adamczewski-Bugeaud-Luca[AdBL1] (See also [CZ]): Since
the degree of each polynomial, which generates the infinite product, is at
most qy+1 − 1 and the uniqueness of (qj)∞j=0-representation of integer, the
REMARKS ON THE TRANSCENDENCE OF CERTAIN INFINITE PRODUCTS 3
sequence (a0(m))
∞
m=0 has the following increase hidden infinite copy struc-
ture; For an integer i with 0 ≤ i ≤ m − 1, let ai ∈ Q, the length m word
A := a1a2 · · · am and f ∈ Q. We define the length m word f(A) as fol-
lows , f(A) := fa1fa2 · · · fam. For any natural number n, the sequence
(a0(m))
∞
m=0 has the following representation
(a0(m))
∞
m=0 = Anf1,n(An)f2,n(An) · · · fl,n(An) · · · · · · ,
where |An| =
∏n
j=0 qj, An = a0(0)a0(1) · · ·a0(
∏n
j=0 qj−1) and some fl,n ∈ Q.
This property gives the symbolic dynamically viewpoint of Mahler func-
tional equation of f(z) =
∏n−1
y=0(1 +
∑qy+1−1
s=1
as,y
bs,y
zs
∏y
j=0 qj )fn(z
∏n
j=0 qj).
By the assumption, there exists a rational function pn(z)
1−αn
βn
zsn
such that
fn(z)− pn(z)
1− αn
βn
zsn
= zsn+tn+1 × Taylor series(2.4)
where deg pn(z) ≤ sn + tn − 1. Let Cn be the smallest integer which Cnpn
is an polynomial with integer coefficients. Now we state main results.
Theorem 2.1. Let f0(z) be a power series which satisfies the above condi-
tions. Assume that the above integer b satisfies the following inequality
(1 + |αn
βn
|)|αn|1+ǫ|βn|2+ǫ|Cn
n−1∏
y=0
qy+1−1∏
s=1
bs,y|3+ǫ < b(1−Lǫ)
∏n
j=0 qj
for some ǫ > 0. Then f0(1/b) is a rational number or transcendental number.
Moreover, assume that the set of prime factors of rational numbers (as,y)y≥0,1≤s≤qy+1−1,
(bs,y)y≥0,1≤s≤qy+1−1, (Cn)y≥0, (αn)n≥0, (βn)n≥0 is a finite set. If an integer b
with 2 ≤ b satisfies the following inequality,
(1 + |αn
βn
|)|αn|ǫ|βnCn
n−1∏
y=0
qy+1−1∏
s=1
bs,y|1+ǫ < b(1−Lǫ)
∏n
j=0 qj
for some ǫ > 0. Then f0(1/b) is a rational number or transcendental number.
Corollary 2.2. For any integer y ≥ 0, let cy be an integer as follows,
cy :=
{
22
m!
if y = m! for some m ≥ 1,
1 otherwise.
Let b be an integer with b ≥ 4. Then ∏∞y=0(1 + 1cy 1b2y ) is a transcendental
number.
In [Ta], [AmV1,AmV2], they investigated the transcendence of special
values of
∏∞
y=0
(1+
∑L
s=1
as,y
bs,y
zsk
y
)
(1+
∑L
s=1
as,y
bs,y
zsk
y
)
where as,y ∈ Z, 0 6= bs,y ∈ Z (for any y and
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s with 0 ≤ s ≤ L − 1). They assume the following condition for applying
Mahler method,
(max{|as,y
bs,y
|, |bs,y|})
1
ky → 1 as y →∞.(2.5)
Therefore, this corollary is not deduced from their investigations.
We also prove the following result by Ridout’s theorem.
Proposition 2.3. Let 2 ≤ b ∈ N and c ∈ N with 2 ≤ c ≤ b. Set f(z) :=∏∞
y=0(1 +
fy
Fy
z2
y
) =
∑∞
n=0 a(n)z
n where fy, Fy ∈ Z with |fy| ≤ |Fy| and
Fy 6= 0. Let ǫ > 0. If fy, Fy (for any y) satisfy the following inequality,∣∣∣ fy
Fy
∣∣∣ ≤ 1
(|F0F1 · · ·Fy−1|)ǫ+2bǫ2y
,(2.6)
then f(1/c) is a rational or transcendental number. Moreover, if (fy, c) = 1
(for any y, c), then f(1/c) is a transcendental number.
Remark. If (Fy)
∞
y=0 has only finite prime factor, the inequality (2.6) can
be replaced by
| fy
Fy
∣∣∣ ≤ 1
(|F0F1 · · ·Fy−1|)ǫ+1bǫ2y
.
This proposition is not also deduced from their investigations.
Moreover we shall decide the transcendence of the following infinite product;
f(
1
b
) =
∞∏
y=0
(1 +
qy+1−1∑
s=1
as,y
1
bs
∏y
j=0 qj
),(2.7)
where as,y ∈ {1,−1} (for any y and s with 1 ≤ s ≤ qy+1) or as,y ∈
{1, exp 2πi
3
, exp4πi
3
} (for any y and s with 1 ≤ s ≤ qy+1). We prove the
following result by generalizing Theorem 19 in [Mi1]. (See section 5)
Proposition 2.4. Let b be an integer with b ≥ 2. Let the Taylor series
f(z) =
∑∞
n=0 a(n)z
n be the following infinite product,
f(z) =
∞∏
y=0
(1 +
qy+1−1∑
s=1
as,yz
s
∏y
j=0 qj),(2.8)
where (qj)
∞
j=0 is an integer sequence with q0 = 1, qj ≥ 2 for j ≥ 1.
Assume, for any y ≥ 0, s with 1 ≤ s ≤ qy+1 − 1, as,y ∈ {1,−1} or as,y ∈
{1, exp 2πi
3
, exp4πi
3
}. If there is no integer A such that
as,A+y = a
s
∏y
j=0 qA+j
1,A(2.9)
for all s with 1 ≤ s ≤ qy+1 − 1 and for all y ∈ N, then
∑∞
n=0
a(N+nl)
bn+1
( for
all N ≥ 0 and for all l > 0 ) is a transcendental number.
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From the symbolic dynamically viewpoint and the properties of (qj)
∞
j=0-
representation, one can decide the transcendence of special value of the
generating function of arithmetical subsequence of (a(n))∞n=0.
3. Proofs of Theorem 2.1 and Corollary 2.2
Now we introduce p-adic Schmidt subspace theorem [Sc]. (See also [CZ])
Theorem 3.1. Let p be a prime number. For any prime number p, set p-
adic valuation as follows |p|p := 1p . Set S: the set of finite prime numbers.
Let n be an integer with 1 ≤ n, for each p ∈ S and ∞, let L1,p, · · · , Ln,p,
L1,∞, · · · , Ln,∞ be n-linearly independent linear form as follows
Lj,p(x1, · · · , xn) =
n∑
i=1
apjix
i for 1 ≤ j ≤ n,
Lj,∞(x1, · · · , xn) =
n∑
i=1
a∞jix
i for 1 ≤ j ≤ n,
where any apji ∈ Qp is a p-adic algebraic number, any a∞ji ∈ R is an
algebraic number. Let ǫ be a real number with ǫ > 0. Then the set of solutions
(x1, · · · , xn) in Zn to the inequality,
n∏
j=1
|Lj,∞(x1, · · · , xn)|
∏
p∈S
n∏
j=1
|Lp,∞(x1, · · · , xn)| ≤ 1{max{|x1|, · · · , |xn|}}ǫ
lies in finitely many proper subspace of Qn.
Now we give the proof of Theorem 2.1. We assume that f0(1/b) is an
algebraic number. We choose a real number t with 1 > t > 1
2
. Then for z
with |z| ≤ t, there exists C1 > 0, independent of n, such that
|(1− αn
βn
zsn)fn(z)− pn(z)| < C1(1 + |αn
βn
|)|zsn+tn+1|(3.1)
(More precisely;
|(1− αn
βn
zsn)fn(z)− pn(z)| = |zsn+tn+1|(
∞∑
m=0
|an(sn + tn + 1 +m)||zm|+ |αn
βn
||an(tn + 1 +m)||zm|).
)
By substitute z
∏n
j=0 qj for fn(z) and multiple the above equation by
∏n−1
y=0(1+∑qy+1−1
s=1 as,yz
s
∏y
j=0 qj), we have
|(1− αn
βn
zsn
∏n
j=0 qj )f0(z)−
n−1∏
y=0
(1 +
qy+1−1∑
s=1
as,y
bs,y
zs
∏y
j=0 qj)pn(z
∏n
j=0 qj)|
< C1(1 + |αn
βn
|)|z(sn+tn+1)
∏n
j=0 qj ||
n−1∏
y=0
(1 +
qy+1−1∑
s=1
as,y
bs,y
zs
∏y
j=0 qj )|(3.2)
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Moreover, we have
|(1− αn
βn
1
bsn
∏n
j=0 qj
)f0(
1
b
)−
n−1∏
y=0
(1 +
qy+1−1∑
s=1
as,y
bs,y
1
bs
∏y
j=0 qj
)pn(
1
b
∏n
j=0 qj
)| < C1(1 + |αn
βn
|)| 1
b(sn+tn+1)
∏n
j=0 qj
|.
(3.3)
Multiplying Cn both side the above inequality, we have
|(Cn
n−1∏
y=0
qy+1−1∏
s=1
bs,yb
(sn+tn)
∏n
j=0 qjβn − Cn
n−1∏
y=0
qy+1−1∏
s=1
bs,yαnb
tn
∏n
j=0 qj)f0(
1
b
)−
Cn
n−1∏
y=0
qy+1−1∏
s=1
bs,yb
(sn+tn)
∏n
j=0 qjβn
n−1∏
y=0
(1 +
qy+1−1∑
s=1
as,y
bs,y
1
bs
∏y
j=0 qj
)pn(
1
b
∏n
j=0 qj
)| <
C1(1 + |αn
βn
|) |Cn
∏n−1
y=0
∏qy+1−1
s=1 bs,yβn|
b
∏n
j=0 qj
.
(3.4)
Set S: the set of prime factors of b. Set three linearly independent linear
form as follows
x1f0(1/b) + x2f0(1/b) + x3, x1, x2.
For any p ∈ S, set three linearly independent linear form as follows x1, x2, x3.
Set the triple of integer as follows,
(x1, x2, x3) =
(Cn
n−1∏
y=0
qy+1−1∏
s=1
bs,yb
(sn+tn)
∏n
j=0 qjβn, Cn
n−1∏
y=0
qy+1−1∏
s=1
bs,yαnb
tn
∏n
j=0 qj ,
Cn
n−1∏
y=0
qy+1−1∏
s=1
bs,yb
(sn+tn)
∏n
j=0 qjβn
n−1∏
y=0
(1 +
qy+1−1∑
s=1
as,y
bs,y
1
bs
∏y
j=0 qj
)pn(
1
b
∏n
j=0 qj
))
Then, we have
|x1||x2||x1f0(1/b) + x2f0(1/b) + x3|
∏
p∈S
|x1|p|x2|p|x3|p < C1(1 + |
αn
βn
|) |C
3
n
∏n−1
y=0
∏qy+1−1
s=1 b
3
s,yβ
2
nαn|
b
∏n
j=0 qj
.
Now we estimate the maximum of |x1|, |x2|, |x3|.
max{|x1|, |x2|, |x3|} ≤ |Cn|bL
∏n−1
j=0 qj |αnβn
n−1∏
y=0
qy+1−1∏
s=1
bs,y(1 +
qy+1−1∑
s=1
as,y
bs,y
1
bs
∏y
j=0 qj
)C2|
(3.5)
where C2 is a positive constant, which is larger than |pn( 1
b
∏n
j=0
qj
)|. From
the assumptions (2.2), (2.3) and t > 1
b
∏n−1
j=0
qj
, C2 is independent of n. Let
ǫ > 0 be a real number which satisfies the first inequality of Theorem 2.1.
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By the first inequality of Theorem 2.1, (2.2) and the absolutely convergence
of f0(z), we have,
C1C
ǫ
2(1 + |
αn
βn
|)|αn|1+ǫ|βn|2+ǫ|Cn
n−1∏
y=0
qy+1−1∏
s=1
bs,y|3+ǫ|
n−1∏
y=0
(1 +
qy+1−1∑
s=1
as,y
bs,y
1
bs
∏y
j=0 qj
)|ǫ < b(1−Lǫ)
∏n
j=0 qj
From assumption of Theorem 2.1 and Schmidt subspace theorem, any point
(x1, x2, x3) lie in finite proper subspaces of Q
3. Thus, there exists a proper
subspace T of Q3 which contains the infinite points (x1, x2, x3). Therefore,
for the proper subspace T , there exists a nonzero points (K1, K2, K3) ∈ Z3
such that
K1x1 +K2x2 +K3x3 = 0.(3.6)
Dividing both sides of the above equation by Cn
∏n−1
y=0
∏qy+1−1
s=1 bs,yb
(sn+tn)
∏n
j=0 qjβn
and letting n tend to ∞, we get
K1 +K3f0(1/b) = 0.(3.7)
If K1 = K3 = 0 and Cn
∏n−1
y=0
∏qy+1−1
s=1 bs,yαnb
tn
∏n−1
j=0 qj 6= 0, then K2 = 0.
This contradicts (0, 0, 0) 6= (K1, K2, K3). Therefore f0(1/b) 6= 0 is a rational
number. This completes the proof of first statement of Theorem 2.1. One
can prove the second statement of Theorem 2.1 similarly (Replace S by the
prime factors S ′ of rational numbers (as,y)y≥0,1≤s≤qy+1−1,
(bs,y)y≥0,1≤s≤qy+1−1, (Cn)y≥0, (αn)n≥0, (βn)n≥0). This completes the proof of
Theorem 2.1.
Now we give the proof of corollary. We consider the second statement of
Theorem 2.1 whose case is L = 1, k = 2, sn = 1, αn = 1, a1,y = 1, βn =
1 or 22
m!
, b1,y = 1 or 2
2m! . From pn(z) = 1, we have Cn = 1. From Theorem
2.1, we get
2C1|βn
n−1∏
y=0
b1,y|1+ǫ < b(1−Lǫ)2n(3.8)
If b ≥ 4, then an integer b satisfies the above inequality. By the Schmidt
subspace theorem, there exists a proper subspace T of Q3 such taht T
containes infinitely points (x1, x2, x3) with x1 =
∏m!−1
y=0 bs,yb
2m!22
m!
. Then,
for the proper subspace T , there exists the nonzero points (K1, K2, K3) ∈ N3
such that
K1b
2m!22
m!
m−1∏
y=0
22
y!
+K2
m−1∏
y=0
22
y!
+K32
2m!b
m!−1∏
y=0
(b2
y
b1,y + 1) = 0.(3.9)
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By (3.10), we get K2 = 0. Since b
2m! and
∏m!−1
y=0 (b
2yb1,y + 1) are coprime,
we have K1 = 0, K3 = 0. This contradicts. Then
∏∞
y=0(1 +
1
cy
1
b2
y ) is a
transcendental number.
4. Proof of Proposition 2.3
First, we prove the first statement. Assume, f(1/c) is an algebraic num-
ber. From the above discussion, for any m, we have
A∞ = Amf1,m(Am)f2,m(Am) · · · fl,m(Am) · · · · · · .
where |Am| = km, Am = a(0)a(1) · · ·a(2m−1), fl,m ∈ Q. By the assumption
of |fy| ≤ |Fy|, for any l, we get
|fl,m| ≤ fm
Fm
.
Then we have,
|f(1
c
)−
m−1∏
y=0
(1 +
fy
Fy
1
c2y
)| ≤ |
m−1∏
y=0
(1 +
fy
Fy
1
c2y
)|| fm
Fm
| 1
c2m − 1 .
By multiple both sides of the above inequality by
∏m−1
y=0 Fyc
2y , we get
|
m−1∏
y=0
Fyc
2yf(
1
c
)−
m−1∏
y=0
(c2
y
Fy + fy)| ≤ |
m−1∏
y=0
(c2
y
Fy + fy)| fm
Fm
| 1
c2m − 1 .
Set S := {p | prime factor of c} and |p|p := 1p . By the above inequality and
|fy| ≤ |Fy|, we have,∏
p∈S
m−1∏
y=0
|c2yFy + fy|p
m−1∏
y=0
|Fyc2y |p
m−1∏
y=0
|Fyc2y ||
m−1∏
y=0
Fyc
2yf(
1
c
)−
m−1∏
y=0
(c2
y
Fy + fy)| ≤
|
m−1∏
y=0
(c2
y
Fy + fy)| fm
Fm
|
∏m−1
y=0 |Fy|
c2m − 1 = |
fm
Fm
|
∏m−1
y=0 |Fy|2
c2m − 1 |
m−1∏
y=0
(c2
y
+ 1) = | fm
Fm
|
m−1∏
y=0
|Fy|2| 1
c− 1 .
By the assumption of proposition, we get
| fm
Fm
|
m−1∏
y=0
|Fy|2| 1
c− 1 ≤
(c− 1)ǫ
|∏m−1y=0 |Fy|ǫ|(c2m − 1)ǫ ≤
1
max{|∏m−1y=0 |Fyc2y |, |∏m−1y=0 (c2yFy + fy)|}ǫ .
Therefore, by Ridout’s theorem, f(1
c
) is rational number. Next, we show the
second statement. By the above discussion, for infinitely integer m, there
exists non-zero integer pair (a1, a2) ∈ Z such that
a1
m−1∏
y=0
Fyc
2y + a2
m−1∏
y=0
(c2
y
Fy + fy) = 0.
By (fy, c) = 1 (for any y, c) and the above equation, we get a2 = 0. Then,
we have a1 = 0. This contradicts (a1, a2) 6= (0, 0).
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5. Proof of Proposition 2.4
For the proof of Proposition 2.4, we generalize Theorem 19 in [Mi1] as fol-
lows: Let L be an integer greater than 1, and let a0, a1, . . . , aL−1 be L distinct
complex numbers. We let {a0, a1 . . . aL−1}∗ denote the free monoid gener-
ated by {a0, a1 . . . aL−1}. We define a morphism f from {a0, a1 . . . aL−1}∗ to
{a0, a1 . . . aL−1}∗ as follows:
f(ai) = ai+1,(5.1)
where the index i is defined to be mod L. Let f j be the j times composed
mapping of f , and let f 0 be an identity mapping. Let A and B be two finite
words on {a0, a1, . . . , aL−1}, and let AB denote the concatenation of A and
B.
Let A0 = a0, (qn)
∞
n=0 be an integer sequence with q0 = 1, qn ≥ 2 for
j ≥ 1, and let µn be a map µn:{1, . . . , qn+1− 1} ×N→ {0, . . . , L− 1}. For
a non-negative integer m, we define a space of words Wm by
Wm := {ai1ai2 . . . aim |ai1 , ai2, · · · , aim ∈ {a0, a1, . . . , aL−1}}.(5.2)
We define An+1 ∈ W∏n+1
j=0
qj
recursively as
An+1 := Anf
µn(1)(An) · · · · · ·fµn(qn+1−1)(An),(5.3)
and we let
A∞ := lim
n→∞
An(5.4)
denote the limit of An. The sequence (or infinite word) A∞ is called the
generalized Thue-Morse sequence of type (L, (qn)
∞
n=0, (µn)
∞
n=0), abbrevi-
ated as the (L, (qn)
∞
n=0, (µn)
∞
n=0)-TM sequence.
Now, we state the following generalization of Theorem in [Mi1].
Theorem 5.1. Let A∞ = (a(n))∞n=0 be an (L, (qn)
∞
n=0, (µn)
∞
n=0)-TM se-
quence and b be an integer greater than 1. We assume that (a(n))∞n=0 takes
its input from {0, 1, . . . , b− 1}. If there is no integer A such that
µA+y(s) ≡ µA(1)sq0
A+y∏
j=A+1
qj (mod L)(5.5)
for all s with 1 ≤ s ≤ qA+y+1− 1 and for all y ∈ N, then
∑∞
n=0
a(N+nl)
bn+1
( for
all N ≥ 0 and for all l > 0 ) is a transcendental number.
If the sequence (qn)
∞
n=0 is bounded,
∑∞
n=0
a(N+nl)
bn+1
( for all N ≥ 0 and
for all l > 0 ) is an S, T -number or Liouville number. (See the argument of
proof of Theorem 2.2 in [Mi2]) For the proof of Theorem 5.1, we give some
lemmas; We generalized Lemma 11 in [Mi1] as follows.
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Lemma 5.2. Let A∞ = (b(n))∞n=0 be a (L, (qn)
∞
n=0, (µn)
∞
n=0)-TM sequence
with aj = exp
2π
√−1j
L
( for all j with 0 ≤ j ≤ L − 1 ). Let GA∞(z) be the
generating function of (b(n))∞n=0,
GA∞(z) :=
∞∑
n=0
b(n)zn.
The generating function GA∞(z) will have the infinite product on |z| < 1,
GA∞(z) =
∞∏
y=0
(1 +
qy+1−1∑
s=1
exp
2π
√−1µ(s, y)
L
zs
∏A+y
j=0 qj ).(5.6)
Proof. Lemma 5.2’s proof is in the same as Lemma 11 ’s proof in [Mi1]. 
We generalized Lemma 13 in [Mi1] as follows.
Lemma 5.3. Let n be a positive integer and be the (qj)
∞
j=0-representation
of integer n as follows,
n =
∞∑
y=0
sn,y
y∏
j=0
qj
where sy is an integer with 0 ≤ s ≤ qy+1−1. Set yn,min := min{y |sn,y 6= 0}.
If l and t be a non-negative integer, then there exists an integer x such that
sxl,yxl,min = 1 and sxl,y = 0(5.7)
for any integer y with yxl,min < y < yxl,min + t.
Proof. Let us assume the factorization of l into prime factors is
l =
s∏
j=1
pj
ij ,(5.8)
where p1, p2, · · · ps are s distinct prime numbers and ij for pj (1 ≤ j ≤ s )
are s positive integers. Moreover let us assume, for any j with 1 ≤ j ≤ t,
pj appears infinitely times as a prime factor of (qj)
∞
j=0 and for any j with
t+1 ≤ j ≤ s, pj appears only finitely times as a prime factor of (qj)∞j=0. Set
an integer Y1 := min{y | pi1 · · · pit |
∏y
j=0 qj}. Set an integer Y2 such that, for
any j with t + 1 ≤ j ≤ s, pj doesn’t appear as a prime factor of qj with
j ≥ Y2. Moreover set Y := max{Y1, Y2}. By the definition of Y ,
∏s
j=t+1 pj
ij
and
∏Y+t
j=Y+1 qj are coprime. Therefore, there exist integers D and E such
that
D
s∏
j=t+1
pj
ij = 1−
Y+t+1∏
j=Y+1
qjE.(5.9)
REMARKS ON THE TRANSCENDENCE OF CERTAIN INFINITE PRODUCTS 11
From the definition of Y ,
∏t
j=1 pj
−ij∏Y
j=0 qj is a non-negative integer. Thus,
we have
t∏
j=1
pj
−ij
Y∏
j=0
qjD
2l
s∏
j=t+1
pj
ij =
Y∏
j=0
qj(1 +
Y+t+1∏
j=Y+1
qjE(
Y+t+1∏
j=Y+1
qjE − 2)).(5.10)
Thus,
∏Y+t
j=Y+1 qjE(
∏Y+t+1
j=Y+1 qjE−2) is a non-negative integer. If
∏Y+t+1
j=Y+1 qjE(
∏Y+t+1
j=Y+1 qjE−
2) > 0, it follows from the (qj)
∞
j=Y+1-representation of
∏Y+t+1
j=Y+1 qjE(
∏Y+t+1
j=Y+1 qjE−
2) that
∏t
j=1 pj
−ij∏Y
j=0 qjD
2l
∏s
j=t+1 pj
ij satisfies the Lemma. If
∏Y+t
j=Y+1 qjE(
∏Y+t+1
j=Y+1 qjE−
2) = 0, then
∏s
j=t+1 pj
ij = 1. The integer
∏Y
j=0 qj(1 + k
F+1(1 +
∏Y+t
j=Y+1 qj))
also satisfies the Lemma. 
We generalized Theorem 15 in [Mi1] as follows.
Lemma 5.4. Let A∞ = (a(n))∞n=0 be an (L, (qn)
∞
n=0, (µn)
∞
n=0)-TM sequence.
The sequence A∞ = (a(n))∞n=0 is ultimately periodic if and only if there
exists an integer A such that
µA+y(s) ≡ µA(1)sq0
A+y∏
j=A+1
qj (mod L)(5.11)
for all s with 1 ≤ s ≤ qA+y+1 − 1 and for all y ∈ N.
Moreover, if the (L, (qn)
∞
n=0, (µn)
∞
n=0)-TM sequence is not ultimately peri-
odic, then no arithmetical subsequence of (L, (qn)
∞
n=0, (µn)
∞
n=0)-TM sequence
is ultimately periodic.
Proof. Let n be a positive integer and be the (qj)
∞
j=0-representation of integer
n as follows,
n =
∞∑
y=0
sn,y
y∏
j=0
qj
where sn,y is an integer with 0 ≤ sn,y ≤ qy+1 − 1. By the uniqueness of
(qj)
∞
j=0-representation of integer, we have
a(n) =
∞∏
y=0
a(sy
y∏
j=0
qj).
where a(0) = 1. By the above equation, Lemma 5.2 and Lemma 5.3, the
rest of Lemma 5.4’s proof is in the same as Propotition14 and Theorem 15’s
proof in [Mi1]. 
By the lemmas, the rest of Theorem 5.1’s proof is in the same as Theo-
rem 19’s proof in [Mi1]
Finally, we give the proof of Proposition 2.4 by Theorem 5.1: From Theorem
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5.1 and the argument of Theorem 10’s proof in [MortM]. (More detail, see
[Mi2]), we get the proof of Proposition 2.4.
6. Conclusion and announcement
We shall extend the above results for the certain infinite matrix prod-
uct introduced in [Mi2], [Mi3] by using multidimensional increase hidden
infinite copy structure (We call this structure hidden fractal). The infinite
matrix product is the generating function of a sequence, which is related the
k-representation of natural numbers. We call the sequence a k-projective se-
quence (For the precise definition, see the section Conclusion and announce-
ment in [Mi2]). In [Mi3], we shall introduce a k-projective sequence as a
generalization of k-regular sequence and other sequences. A k-projective
sequence has the following hidden fractal; Let d > 0 be an integer. Let
(A0(n))
∞
n=0 be infinite word whose letters are d-dimensional vector as fol-
lows,
(A0(n))
∞
n=0 :=


a0,1(0)
a0,2(0)
...
a0,d(0)




a0,1(1)
a0,2(1)
...
a0,d(1)

 · · ·


a0,1(n)
a0,2(n)
...
a0,d(n)

 · · · .
For any integer y ≥ 0, the infinite word (A0(n))∞n=0 is represented as follows,
(A0(n))
∞
n=0 :=
d∑
i=1
cy,i,0(Ai,y)︸ ︷︷ ︸
ky
d∑
i=1
cy,i,1(Ai,y)︸ ︷︷ ︸
ky
· · ·
d∑
i=1
cy,i,n(Ai,y)︸ ︷︷ ︸
ky
· · · .
where cy,i,n ∈ C, Ai,y is a length ky word whose letters are d-dimensional
vectors. Hidden fractal gives the symbolic dynamically viewpoint of some
Mahler functional equation.
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